ON THE ACTION OF THE DUAL GROUP 
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E. Vasserot 

ABSTRACT. It was proved by Ginzburg and Mirkovic-Vilonen that the G(0)-equivariant 
perverse sheaves on the affine grassmannian of a connected reductive group G form 
a tensor category equivalent to the tensor category of finite dimensional representa- 
tions of the dual group G v . The proof use the Tannakian formalism. The purpose 
of this paper is to construct explicitely the action of G v on the global cohomology 
of a perverse sheaf. It would be interesting to find a g-analogue of this construction. 
It would give the global counterpart to [BG]. 



1. Notations and reminder on affine Grassmanians 

1.1. Let G be a connected reductive complex algebraic group. Let B,T, be a 
Borel and a Cartan subgroup of G. Let U C B be the unipotent radical of B. 
Let B~ a Borel subgroup such that B n B~ = T. Set Xt = Horn (T, G m ) and 
Xj, = Hom(G m ,T) be the weight an the coweight lattice of G. For simplicity we 
write X = Xt and X v = Xj~. Let ( , ) : X x X y — > Z be the natural pairing. Let 
R be the set of roots, R v the set of coroots. Let R± C R, R± C R v , be the subsets 
of positive and negative roots and coroots. Let X + C X, X+ C X v , be the subsets 
of dominant weights and coweights. Let pa G X be half the sum of all positive 
roots. If there is no ambiguity we simply write p instead of pc- Let G v and Z(G) 
be the dual group and the center of G. Let ctj, aY , % G I, be the simple roots and 
the simple coroots, and let u)i,u)Y be the fundamental weights and coweights. For 
any root a G R let U a C G be the corresponding root subgroup. If a = oij, % E I, 
we simply set Ui = U ai and U~ = U- ai . Let W be the Weyl group of G. For any 
i € / let Si be the simple reflexion corresponding to the simple root on. 

1.2. Let K = C((t)) be the field of Laurent formal series, and let O = C[[t]] 
be the subring of integers. Recall that G(0) is a group scheme and that G(K) 
is a group ind-scheme. The quotient set Gr G = G(K)/G(0) is endowed with 
the structure of an ind-scheme. We may write Gr instead of Gr G , hoping that it 
makes no confusion. For any coweig ht A v G X v , let t x G T(K) be the image 
of t by the group homomorphism A v : G m (K) — > T(K). If A v is dominant, set 
e A v = t xV G(0)/G(0) G_Gr. The G(0)-orbit Gr X v = G{0) ■ e A v is connected and 
simply connected. Let Gr^v be its Zariski closure. Let Vq be the category of 
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G(0)-equivariant perverse sheaves on Gr. For any A v let TC\y be the intersection 
cohomology complex on Gr A v with coefficients in C. Consider the fiber product 
G(K) x G ( ) Gr. It is the quotient of G(K) x Gr by G(0), where u G G(0) acts on 
G{K) x Gr by (g,x) i— » (gu -1 ,ux). The map 

p : G{K) x G(0) Gr -> Gr, (g,x)^ge 

is the locally trivial fibration with fiber Gr associated to the G(0)-bundle 

p : G{K) -» Gr. 

Thus G{K) y.G{0) G r is an ind-scheme : it is the inductive limit of the subschemes 
p _1 (Gr A v) x G (o) Gr A v. Consider also the map 

m : G(K) x G(G) Gr -> Gr, (g,x)^gx. 

For any Ajj 7 , G let XC^v *XC A ^ be the direct image by m of the intersection 
cohomology complex of the subvariety 

p _1 (G7 A v) x g(0) G? a v c G(K) x g(0) Gr. 

The complex XC A v *XC a v is perverse (see [MV], and [NP, Corollaire 9.7] for more 
details). It is known that the cohomology sheaves of the complex XC A v are pure by 
the argument similar to [KT] (see also [KL]). It is also known that any object in 
Vg is a direct sum of complexes XC A v (see [BD, Proposition 5.3.3. (i)] for a proof). 
Thus we get a convolution product * : Vg x Vg —* Vg- It is the convolution 
product defined by Mirkovic and Vilonen. 

1.3. Let P C G be a parabolic subgroup of G, N C P be the unipotent radical, 
M = P/N be the Levi factor. Let M' = [M, M] be the semisimple part of M. 
Consider the diagram 

G r G ^Gr p ^Gr M , 

where the maps 7 and 7r are induced by the embedding P C G and the projection 
P — ► M. The fibers of it are A / '(K)-orbits. Observe that Gr M is not connected. 
The connected components of Gr M are labelled by characters of the center of the 
dual group M v . Let Gr M,e C Gr M be the component associated to 9 y G X Z (m v )- 
By definition, e A v G Gr M ' eV if and only if the restriction of A v to Z(M y ) coincides 
with 9 y . The element p — pu belongs to -X^(m v )- Put 

Q r M,n _ |j Gr M,6,V 

2(d,p—p M )=n 

The following facts are proved in [BD, Section 5.3]. 

Proposition, (a) The functor m^* gives a map res GM : Vg —> Vm = ® n VM,n[— n], 
where Vm,u is the subcategory of M(0)-equivariant perverse sheaves on Gr M,n . 

(b) For any S,T G V G we have res GM (£ * J 7 ) = (res GM £) * (res GM T). 

(c) For any £ G Vg we have H*(Gr,£) = H*(Gr M , res GM £). 

(d) If Pi C P is a parabolic subgroup and Mi is its Levi factor then res MMl maps 
Vm to V Ml , and res GMl = res MMl o res GM . □ 
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1.4. Let g be the affine Kac- Moody Lie algebra associated to G. Let uj be the 
fundamental weight of g which is trivial on Lie(T). Let Wo be the irreducible 
integrable highest weight module of g with higest weight u> . Let n be the cor- 
responding group homomorphism G{K) — ► PGL{Wq) (see [Ku, Appendix C] for 
instance). The central extension G(K) of G(K) is the pull-back tt*GL(Wq), where 
GL(Wq) must be viewed as a C x -principal bundle on PGL(Wq). The restriction 
of the central extension to G(0), denoted by G(O), splits, i.e. G(0) = G(0) x C x . 
Fix a highest weight vector wq G Wq. Let Lq be the pull-back of Op(l) by the 
embedding of ind-schemes i : Gr G F(Wq) induced by the map 

G(K)^F(W ),g~[C-gw ]. 

The sheaf Cq is obviously algebraic. 

1.5. For any i G / let P, be the corresponding subminimal parabolic subgroup of 
G. Let Ni C Pi be the unipotent radical and put Mj = Pi/Nj,. Hereafter we set 
ires = res GM % Hi = tt, ji = 7, Zi = Z(Mi) and Ci = Cm^- The product by the 
first Chern class of Ci gives a map 

k : H*(Gr M %£) ^ H* +2 (Gt m \£), 

for any £ G V Ml ■ 

1.6. For any /i v € X v set S^v = [/(K) • e^v. It was proved by Mirkovic and 
Vilonen that if £ £ then 

(a) JT(Gr,£)= tf c 2 ^ V >(S M v,£), 

(see [MV], and [NP] for more details). For any i £ I and any /j w G X y set also 
S 1 ^ = Ui(K) ■ e M v c Gr Mi . The grassmanian Gr Mi may be viewed as the set of 
points of Gr which are fixed by the action of the group Zj by left translations. This 
fixpoints subset is denoted by Zi Gr. In particular, S^j may be viewed as a subset 
of Gr. 

2. Construction of the operators e i: f i; h; 

2.1. To avoid useless complications, hereafter we assume that G is semi-simple. 
The generalization to the reductive case is immediate. For any i G / and £ G Vg, 
let ej be the composition of the chain of maps 

H*(Gr,£) = H*(Gt m % ires £)^H* +2 (Gt m % ires £) = H* +2 {Gr,£). 
Moreover, set 

h,= KA v )i^ (W ) : H*(Gt,£)-,H*(Gt,£). 

A v ex v 

By the hard Lefschetz theorem there is a unique linear operator : H*(Gr,£) — ► 
H*~ 2 (Gr, £) such that (ej,hj,fj) is a sl(2)-triple. 



Theorem. For any £ G Vg, the operators ej,fj,hj, with i G I, give an action of 
the dual group G v on the cohomology H* ( Gr, £) . □ 
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2.2. The rest of the paper is devoted to the proof of the theorem. 
Lemma. For all A v € X y we have 

ei (H* c (S x ,,£)) C H* c (S X v +ar ,£) and UH* C (S X . , £)) C tf c *(S A v_ a v ,£). 

Proof. It is sufficient to check the first claim. Since 

S X v = Ni(K)Ui(K) ■ e A v = tt-^S^), 
we get, for any £ £ Vg, 

(a) H* c (S X v,£)=H*(S™%ive S £). 
Now, if £ € then 

k(H* c (S™\£)) = k{H^^\S™\£)) C H 2 +^^\Gv M \£). 
Moreover, for all n y € X y ~ Xt^ we have 

Vn& M " e V0 M V | z(M v)=0 v . 
Thus, if £ € P Ml then 

where the sum is over all /i v € X y ~ Xt v such that 

M V U(M t v ) = A v | Z (m i v ) and (ai,^ v ) = (a;,A v + a, v ). 
The only possibility is /i v = A v + a y . □ 

The lemma implies that [hj,e_j] = (ai,a y ) ej for all i,j E /. Since e^fj, are locally 
nilpotent and since [ej,fj] = by construction, if [ej,fy] = for any i ^ j then 
the operators ei,fi,hi, give a representation of the Lie algebra Q y of G v on the 
cohomology group H*(Gr,£) for any £ € Vg (see [Ka, Section 3.3]). The action of 
the operators lifts to an action of the torus of G y . Thus, the representation of 
the Lie algebra Q y lifts to a representation of the group G y . By (1.3.d), in order to 
check the relation [ej, fj] = for i ^ j we can assume that the group G has rank 2. 

2.3. Recall that any complex TCyj is a direct factor of a product IC x v -klC x v * 
• • • -klC X v such that the coweights A^ are either minuscule or quasi-minuscule (see 
[NP, Proposition 9.6]). Observe that [NP, Lemmes 10.2, 10.3] imply indeed that 
if the set of minuscule coweights is non empty, then we can find such a product 
with all the A^'s beeing minuscule. Recall also that for any £,J-€ Vg there is a 
canonical isomorphism of graded vector spaces 

(a) H* C (S X .,£*F)^ H* c (S^,£)®H*(S u v,f), 



PERVERSE SHEAVES ON THE AFFINE GRASSMANIAN 



5 



(see [MV], and [NP, Proof of Theorem 3.1] for more details). Let A(e;), A(f;), A(h;), 
be the composition 

H*(Gr,£)®H*(Gr,f) = H*{Gr, £*T) e ^ l H*(Gr, £*T) = H*(Gr,£)®H*(Gr,f), 

where the equalities are given by (1.6. a) and (a). 
Lemma. If x = e^f^h^, then A(x) = x®l + l®x. 

Proof. If x = hi the equation is obvious. If x = fj it is a direct consequence of 
the two others since a s((2)-triple (e^h^f^) is completely determined by and 
hi. Thus, from (2. 3. a), (1.3.b) and (1.3.c), it suffices to check the equality when 
G = SL(2) and x = ej. Then, the operator is the product by the 1-st Chern class 
of the line bundle £sl(2) on Gr SL ( 2 ) . More generally, for any simply connected group 
G, the G(0)-equivariant line bundle £ G on the grassmannian Gr lifts uniquely to a 
G(-fC)-equivariant line bundle on the ind-scheme G(K) X-g{0) Gr. Let denote it by 
£2. The group G(O) acts on the pull-back of £ G by the projection G(K) x Gr — > Gr. 
The quotient is the bundle £2. The vector bundle £2 is algebraic, i.e. its restriction 
to the subscheme p _1 (Gr A v) x G (o) Gr A v is an algebraic vector bundle for any A^ , 
A2. Indeed, there is a normal pro-unipotent closed subgroup H of G(0) such 
that G(0)/H is finite dimensional and H acts trivialy on Gr A v,Gr A v. Since H 

is pro-unipotent, the restriction of £ G to Gr^ is G(0)/if-equivariant. Thus the 
restriction of £2 to p _1 (Gr A v) x G ( G ) Gr A v is identified with the algebraic sheaf on 

{p~ l (Gixx)/ H ) x g(o)/h Gr" A v 

induced by the restriction of £ G to Gr A v. Consider also the pull-back C\ of the 
line bundle Cg by the 1-st projection p : G(K) x G (o) Gr — > Gr. We claim that 

(b) m*C G = A® £ 2 . 

Let \i : G{K) x G{K) — > G{K) be the multiplication map. The product in the 
group G(K) gives an isomorphism of bundles 

H*p*C G ~p*C G Rp*C G 

on G(K) x G(K). This isomorphism descends to the fiber product G(K) x G (o) Gr 
and implies (b). Observe now that (a) is induced by the canonical isomorphism 

(p -1 (GrAiO x G(0) G? A v) nm" 1 ^) ~ |J (S> n GF A v) x (S 1 ^ n G7 A v) 

resulting from the local triviality of p. Let Is be the product by the 1-st Chern 
class of C G on the global cohomology of the perverse sheaf £ G Vg- Then (a) and 
(b) give 1 £ *t = k ® 1 + 1 ® It- □ 

2.4. From Section 2.3 and (1.3.d) we are reduced to check the relation [e^f}] = 0, 
i 7^ j, on the cohomology group H*(Gr, £) when G has rank 2 and £ = ZC\v , with 
A v minuscule or quasi-minuscule. For any dominant coroot A v let S7(A V ) C X v be 
the set of weights of the simple G v -module with highest weight A v . Recall that 
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(a) the coweight A v G — {0} is minuscule if and only if H(A V ) = • A v , if 
and only if (a, A v ) = 0, ±1, for all a G R, 

(b) the coweight A v G — {0} is quasi-minuscule if and only if S7(A V ) = W ■ 
A v U {0}, if and only if A v is a maximal short coroot. Moreover if A v is 
quasi-minuscule then (a, A v ) = 0, ±1, for all a G R — {±A}. 

For any coweight A v we consider the isotropy subgroup G A v of e A v in G. Thus 

(a,A v )<0 

In particular B~ C G A v if A v is dominant, and we can consider the line bundle 
£(A) on G/G\v associated to the weight A. The structure of Gr A v for A v minuscule 
or quasi-minuscule is described as follows in [NP]. 

Proposition, (c) If n& A v ^ 0, then fi v G 0(A V ). 

(d) Iffi v eW-X v , then S> n ~Gr x , = n Gr X v . 

(e) If A v G is minuscule, then 

~Gr\v = Gr\v = G/G\v and S w .\v n Gr A v ~ UwG\v / G A v Vu> G W. 

(f) Assume that A v G is quasi-minuscule. Then Gr A v ~ £(A) and Gr\v ~ 
jC(A) U {eo} as a G-varieties. Moreover, 

( UwG X v/G X v if w-XeR-, 
5 ro . A v n Gr\v ~ ^ 

□ 

3. Proof of the relation [e;,fj] = 

3.1. Assume that G has rank two and set I = {1,2}. The Bruhat decomposition 
for Mi implies that Mje A v = Uie Si .\v U UiU_ a ve\v . Thus, 

(a) if A v ) > then M;e A v = M^.^ = ^e A v U {e Si . A v}, 

(b) if (a i; A v ) = then M;e A v = {e A v}. 

3.2. Assume that A v is a minuscule dominant coweight. Fix fj, v = w ■ A v with 
iy G W, and fix i G /. One of the following three cases holds 

(a) we have (ai ;/ u v ) = 1, and 

5^nGr A v = U ie ^, S^_ a vnGr A v = {e„v_ a v}, Gr$ = t7ie M vU{e„v_ a v}, 

(b) we have (ai,fi v ) = — 1, and 

Sft +ar nGr x , = [/ie M v +Q v, SftnGr X v = {e^}, Grft = ^e M v +Q v U{e M v }, 

(c) we have (a i , / u v ) = 0, and 

^•nGr X v=GrJ={v}. 
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Obviously, the sheaf iresXC A v is supported on Gr A v n Gr Mi . Thus, by (2. 2. a) and 
Lemma 2.2, if f 2 ei{H*(S^, XC A v)) ^ {0} then 

5^nGr A v, SXvHGr.v, S^nG^, ^^nGr A v 

are non empty. In particular, we get 

(ai,/i v ) = -l, (a 2 ,/U V + «i ) = 1- 

Since A v is minuscule, (i v £ W • A v , and (a 2 , ) < 0, we get 

(a 2 ,/i v ) = l, (ai,/i v ) = -1, (a 2 ,a^) = 0. 

Similarly, 

e 1 f 2 (^(V^C A v))/{0}^(a 2 ,/i V ) = l, K,/i V ) = -l, KX) = o. 

Thus we are reduced to the case where G = SL(2) x SL(2), Mi ~ SL(2) x {1}, 
M 2 = {1} x SL(2), A v = +uj^, fj, v = -uj{ + u% , and JC A v is the constant sheaf 
on Gr A v . Then, 

GrAV-P^P 1 , Gr Ml nGr A v -P 1 x {0,oo}, Gr M2 n Gr A v ~ {0, oo} x P 1 . 

Recall that, with the notations of Section 1.4, the fiber of Cq 1 at e A v is identified 
with O aV wo. Recall also that the extended affine Weyl group W x X v acts on the 
lattice Hom(T x G m ,G m ) in such a way that A v • ujq = A + Cjq for all A v G X v 
(see [PS, Proposition 4.9.5] for instance). Thus, for any dominant coweight A v the 
restriction of Co to the G-orbit G ■ e A v is the line bundle C{\) on G/G\v. In 
particular the restriction of the line bundle Li to GrjJ^? is 0>i (1). Thus ei = I <8> id 
and e 2 = id® I, where I is the product by the 1-st Chern class of Opi(l). The 
relation is obviously satisfied. 

3.3. Assume that A v is a quasi-minuscule dominant coweight. Observe that if G 
is of type A\ x Ai, A 2 or B 2 , then the set of minuscule coweights is non empty. 
Thus, from Section 2.3 we can assume that G is of type G 2 . Let a( be the long 
simple coroot, and let a 2 be the short one. Then 

A v =a^ + 2o!2, (a 2 ,ai ) = — 3, (ai, a 2 ) = — 1. 

Set C = £(A) and L = C U {e }. Then Gr" A v n Gr M * is the fixpoints set of Z< on £, 
i.e. 

G7 A v n Gr M « = {e } U |J GrJ? where Gr$ = ^m^v ■ 

M v eM/ . A v 

Assume that /x v = w ■ A v with iy € W. 

(a) If (ai,fi v ) = then Gr^f = Zt C\ e ^. The torus T acts on the fiber C\ e ^ v 
by the character fj,. Since fi v ^ and (a i; ^ v ) = 0, necessarily is 
non-trivial. Thus, Gr^t* = e^v . 

(b) If (c»!j,// v ) = 2 then = and Gr*fj = ^Im^v Moreover, since A v is 

i 

short and a\ is long we have i = 2. 
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(c) If (ai,/j v ) = 1 then Gr v * = M^e^v because 

(Ufa) = 1 and fi v € R v ) => fi v £ Za v (a;,/x v ) ^ 1. 
In Case (b) we get (i = 2) 

S$ n G7 A v = c\ Ui€ar , s M ^ n G? A v = e_ Q v , 5 Ml n G? A v = £ x | e _ v , 

and Gr a y = £|jv/ ie „v j 

* a i 

where the upperscript x means than the zero section has been removed. In Case 

(c) we get 

s ffi n Gr A v = Uie^v , S™j_ a y n Gr A v = e M v_ a y , and Gr^. 1 = t/^v U e /i v_ a v . 

Thus, for any ^ v € X v , Claim (2. 2. a) and Lemma 2.2 imply that 

(d) if ei(tf*(S>,:Z:C A v)) ^ {0} then (ai,/i v ) = -1, or f* v = 0, or = -a v , 

(e) if f 2 (F*(5 M v,XC A v)) ^ {0} then (a 2 , ^ v ) = 1, or ft y = 0, or ft y = a y 2 . 

Observe that in Case (d) the identity (2.4.c) and Lemma 2.2 imply indeed that 
fi v / 0, — a y , because 

H* c (S ar ,lC x .) = H* c (S. ar ,lC X v) = {0}. 

Thus, if f 2 ei(jy*(5 M v,JC A v)) ^ {0} then (ai,/i v ) = -1 and (a 2 ,/i v +0 = 1. We 
get (a 2 ,// v ) = 4. This is not possible since /i v G $7(A V ) and A v is quasi-minuscule. 
Similarly, if ei f 2 , JC A v)) ^ then (ai,/x v ) = -2. This is not possible 

either. Thus, the relation [ei, f 2 ] = is obviously satisfied. The relation [e 2 , fi] = 
is proved in the same way. 

Acnowledgements. The author would like to thank A. Beilinson and B.C. Ngo for discussion 
on this subject. 
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